2. In the real world, we encounter functions where the relationship between the inputs and their
corresponding outputs is not deterministic. Assume g(z) = x2, where z is a real number, meaning
x € R. Now, assume we do not know the function g(z) and aim to approximate it with a linear
regression function in the form h(z) = wz, where w € R. The goal is to predict the output
corresponding to the same inputs = as closely as possible using the least-squares approach.

Additionally, for simplicity, assume that x is sampled uniformly from the interval [—1,1]. Show
that the input = has a uniform distribution over this interval and that its outputs can be assumed
independent of x (for simplicity, you can assume x # 0).

Let the noise be y = g(z) + v, where v is noise. Given the explanations, answer the following
questions:

(a) Write a brief explanation of why we expect this model to have high bias.

(b) Calculate the bias of the model h(z) in terms of z (Hint: Start by finding the value of w in
the least-squares method).

(c) Calculate the variance of h(z) in terms of z.

(d) For a fixed point z, show how g(z) and R(h, z) (the expected risk) are related to the bias
and variance. Specifically, calculate the values of bias and variance at z = 1 and obtain the
risk R(h, z).

Solution a. Using a linear fit for a quadratic function, which we know is quadratic, introduces
more complexity and will result in a large bias.

b. The value of w using the least squares method is given by w = X Ty, where here X isa 1 x 1
matrix. Thus, we have:

Xt=(xTx)"txT"
_ x
w=Xy=(XTX)"1xTy= Pl (22%) = 2z
h(z) = wz = 2xz

bias(h(z)) = E[h(2)] — g9(2) = E[2z2] — 222 = 22E[z] — 222 = 22 /_11 m%dw — 222 = 222

c. The variance of the model h(z) can be obtained using either of the two following methods:
var(h(z)) = var(2zz) = E[dz?2?] — E[2x2]?
! 1
—/ 4x222§dx — 42°E[z]?
-1
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1
var(h(z)) = var(2z2) = 22%var(z) = 42°E[(z — E[z])?] = 4,22/ s =220 =22
-1

d. Using the bias-variance decomposition and considering that noise reduction is not feasible!®,
we can write the value of R(h, z) as follows:

R(h, z) = bias(h(z))* + var(h(z))

Now, for z = 1, we have:



1. Linear regression models are always linear with respect to the model parameters, denoted as 0,
but they are not necessarily linear with respect to the inputs. Suppose n inputs are drawn from
some distribution defined on X x R, where each pair (z;,y;) € X x R. We apply a nonlinear
transformation ¢ : X — R? that maps inputs to a higher-dimensional space. The prediction for
1y; is given by the dot product:

:gi = 9T¢(xl)7
where # € R?. The training error is defined as:

n

- 1

9 = — T QT 1 2.
R0) = >0~ 0"0(a0)
(a) Express the training error in matrix form, using the design matrix ® = [¢(z1),. .., ¢(z,)]7.

(b) Solve the ordinary least squares (OLS) problem for this setting, deriving the optimal 6.

(¢) Under what condition does the OLS solution have a unique result? Provide a rigorous proof
using linear algebra.

Solution:

¢(l‘1);
S L
¢($n)T
Let y = [y1, 92, ..., yn]T € R™. Then, the training error can be rewritten as:

A 1
R(0) = lly - ®0]3.

(b) The OLS objective function is:
min |y — @63,

The optimal 8 is obtained by setting the gradient to zero:

% (ly — @0)3) = 207 (y — ®0) =0 — 7®9 = ¢Ty.



Solving for 6:
0* = (7o) taTy.

(c) For 6* to be uniquely defined, the matrix ®7® € R**¢ must be invertible. This requires:
rank(®7®) = d.

We prove that ®7'® is invertible if and only if ® has full column rank.

e Suppose @ has full column rank, meaning its columns are linearly independent. Then,
for any nonzero 6 € R? §T®T®H = ||®0||2 > 0. This is because the only member of
the null space of ® is the zero vector. Since this quadratic form is always positive for
nonzero 0, ®7'® is positive definite and thus invertible.

o If ®7'® is invertible, then for any 0 # 0, we must have ®TP9 =0 = 0 = 0. This implies
that the columns of ¢ are linearly independent, as if they were not, there would exist
some 6 in the null space of ®, causing 0 = 0. This means that ®(X) has full column
rank.

Thus, &7 ® is invertible if and only if ® has full column rank, i.e., rank(®) = d.
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